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ON FUNCTIONAL DETERMINANTS 

By Paul Saurel 

The following theorem is well known :* If n functions %, w 2 , ••-,«„ of 
the n variables x x , x 2 , . . ., x n are connected by a relation 

/(«i. «2. • • •. «») = 0, 
the functional determinant 

8(m 1 , tt 8> ••-,«„) 
3(*1. «2f • ■ • . *») 

vanishes ; and, conversely, if the functional determinant vanishes, there exists 
n relation connecting the n functions. 

In the present note we shall give a demonstration of the following more 
general but less known theorem :t If r functions %, Wg, • . ., u r of the n 
variables x u x%, ■ ■ -, x n , r being less than or equal to n, are connected by a 
relation 

/(Ml, «2, • • •, «r) = 0, (1) 

every determinant of order r formed from the matrix 

d%i 3«2 dx~ n 

3«2 3% 3mj 

(2) 

du r du r du r 

3*i 3a; 2 9a^ 

vanishes; and, conversely, if every determinant of order r formed from the 



*C G. J. Jacobi, Journal fur die reine und angewandte Mathematik, vol. 22, p. 328; 1841. 
Ostwild's Klassiker der exacten Wissenschaften, No. 78, Ueber die Functionaldeterminanten 
p. 16. 

tLoc. cit., p. 347 or p. 42. 

(73) 
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above matrix vanishes while in each of the r matrices which can be derived 
from the given matrix by suppressing one row there is at least one determi- 
nant of order r — 1 which does not vanish, there exists a relation connecting 
the r functions and involving all of them. 

The demonstration of the first part of the theorem is very simple. If 
equation 1 holds, then the n equations 

i—i J 

obtained by differentiating equation 1 will also hold. Now, since each of the 
r functions is supposed to appear in the given relation 1, it follows that no one 

of the expressions j- is identically equal to zero ; it then follows at once from 

equations 3 that every determinant of order r formed from the matrix 2 
must be equal to zero. 

Let us now suppose that every determinant of order r formed from the 
matrix 2 is equal to zero and that in each of the matrices obtained by sup- 
pressing one row of the given matrix there is at least one determinant of 
order r — 1 which is not equal to zero. Since in the matrix which is formed 
by suppressing the last row in (2) there is at least one determinant of order 
r — 1 which is not equal to zero, we may assume, without loss of generality, 
that 

It !»;;;■ H * »■ w 

<7 V,*l> *J> i x r—\) 

From this it follows that at least one of the expressions -^ , — ^ , • • • , ■= — — 

F aajj 8V dx r _ 1 

is not equal to zero ; we may therefore assume, again without loss of generality, 
that 

£-• w 

Inequality 5 shows that u Y depends upon x^ ; it is therefore possible to 
express x x as a function of u u x^, x s , • • • , x n . Using this value of Xj we can then 
express u$, Ug, • • •, u r as functions of u lf cc 2 , x s , • • -, x n . If we denote the 
resulting expressions by ?4, w 3 ', • • • , u' r we get without difficulty 
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3 Xl -du ldXl (» = 2,3,...,r), 



(6) 



If we substitute these values in (4) and change the form of the resulting 

determinant by subtracting from the elements of the i th row those of the first 

3m' 
row multiplied by ^— -, we find that 

a«! ' a^, X 3 , • ■ • , X r _!) 

From (5) and (7) it follows that 

8K, < ■ • • , <_q Q 

a(as 4 , aj 3 , • • • , a: r _i) 
In like manner formulas 5 and 6 will enable us to replace the equations 

dju,, u*,..., u r _ u u r ) = .,n-r), (9) 

by the equivalent equations 

9(i4, tij, • • • , u r _ v u' r ) (8 = 0,1,2, .-■ ,n-r). (10) 

v(x. if Xg, • • • , as r — 1> ^rH-*) 

If we remember that when equations 9 hold every determinant of order r 
formed from the matrix 2 vanishes, it follows from (10) that every determi- 
nant of order r — 1 formed from the matrix 

du' % 

dx n 



a«4 

dx% 


da* 


d%4 
dx % 


a«g 

8x 8 


du' r 

dx % 


du' r 

dx s 



dx„ 



du' r 

vanishes. 



(11) 
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Starting now with the matrix 11 and the inequality 8, and repeating the 
reasoning which we applied to the matrix 2 and the inequality 4, we can show 
that 

*M U ' l > • • ' ' U "~ l l * 0, (12) 

d(x 3 , x it • • • , a; r _i) 

and that every determinant of order r — 2 formed from the matrix 

dx n 

dx n 

(13) 

du'j 



a< 


du'l 


dx 3 


dxi 


du'l 


du'l 


dx 3 


dx t 


du'l 


du'J. 


Zx 3 


dxt 



dx. 



n 



vanishes. Here u' 3 , M "> • • •» u !f denote the functions of u t , u' 2 , x 3 , • • •, x n 
which are obtained from u' s , u' 4 , • ■ ■, u' r by replacing x 2 by its value in terms 

of U u U 2 , X 3 , ■ • -, 05„. 

By repeating this process we shall finally arrive at the result that every 
term in the matrix 

dx r dx r+ { dx n ^ ' 

must be equal to zero. As w< r_1) denotes the expression which is obtained 
when u r is expressed in terms of u lf u%, u' 3 \ • ■ • , w r ( !L7 2) , x r , x r+1 , • • • , x n , it 
follows that M^ r-1) is a function of u u u' 2 , u'l, • • •, m<17 2) alone. Dropping the 
primes we may therefore say that there exists a relation connecting the r func- 
tions «i, w 2 , • • •, u r . Moreover this relation must involve each of the r 
functions. For, if one of them were missing from it, every determinant of 
order r— 1 formed from the matrix corresponding to the remaining r — 1 func- 
tions would vanish ; but this contradicts the hypothesis. The proposition is 
thus established. 

New Yobk, Decembkr, 1905. 



